We show, in this paper, how one can probe a class of non convex polyhedra and scenes of disjoint such polyhedra. A polyhedron of that class has convex faces; any two faces are not coplanar and any two edges are not colinear. The basic step of our method is a strategy for probing a single simple polygon with no colinear edges. When each probe outcome consists of a contact point and the normal to the object at the point, we present a strategy that discovers the exact shape of a simple polygon with no colinear edges by means of at most 3n -3 probes, which is shown to be optimal in the worst-case. This strategy can be extended to probe a family of disjoint polygons. It can also be applied in the supporting planes of the faces of a scene of polyhedra of the class above. If the scene consists of k: polyhedra with altogether n faces, we show that 8n2 -6n + k probes are sufficient to discover the exact shapes of the polyhedra.
Introduction
Given a simple polyhedron or a family of simple non intersecting polyhedra, the probing problem consists in determining the shapes of the polyhedra by a small set of simple measurements. A variety of subproblems can be distinguished, depending on the model of the sensor and on the constraints on the type of the objects to be probed.
Permission to copy without fee all or part of this material is granted provided that the copies are not made or distributed for direct commercial advantage, the ACM copyright notice and the title of the publication and its date appear, and notice is given that copying is by permission of the Association for Computing Machinery. To copy otherwise, or to republish, requires a fee and/or specific permission. This problem has first been studied by Cole and Yap [4] who showed that the shape of a convex polygon with n edges can be determined with no more than 3n '(finger" probes (i.e. each probe response consists of the coordinates of a "contact point" on the boundary of the object); later, Bernstein [3] improved on this result in the case where the polygon is restricted to a finite set. Dobkin, Edelsbrunner and Yap [5] have considered the case of convex polytopes in multidimensionnal space, other probe models and also probes with errors. A work of synthesis of the field of geometric probing as well as a collection of new results can be found in Skiena' Ph.D. Thesis [7] . This paper first shows (Section 2) how one can probe a large class of non convex polygons, namely the class of simple polygons with no colinear edges. In order to study such complex objects, we use probes that are more powerful than simple finger probes. This is not to say that new sensing devices are necessarily required. In fact, this paper is motivated by the observation that, in most situations, the necessary information is implicitly provided by the sensing device. More precisely, the information is contained in the rays which served measuring the points. A ray is any semi-infinite curve which has the measured point as its origin and which does not intersect the interior of the objects : such a ray may be, for example, an optical ray, a robot path, a combination of both, etc. It has been shown [l] that, when all contact points belong to a single object, the rays induce a total order on the set of points that coincides with the natural order of the points along the boundary of the object. Our method heavily relies on this property and a related lemma that we recall in Section 2.1. The method is subsequently extended so as to deal with multiple objects (Section 3), and 3-dimensional objects (Section 4).
2 The basic planar probing algorit hm
Preliminaries
We assume, in this section, that only one simple polygon C, with n edges, is to be probed. All probes are performed in the plane of C. It is important to realize that n is a priori unknown and will be discovered at the same time as the exact shape of the object. One probes along a half line, called the probe path, whose origin is some point oi of the plane. When the probe is issued, the probing device responds with the first point pi, called the contact point, where the probe path encounters the boundary C of the object and gives also the normal ni to C at pi when it is defined. The sensory device is supposed to be able to detect when pi is a vertex of C, in which case the object responds with two normals instead of one, namely the normals to the edges incident to pi. An example of such a device may be a finger with a tactile sensor at its tip.
Two mild conditions are needed to ensure that the probing problem is solvable in a finite number of steps : In order to make use of the results of [l] , each new probe is chosen so that the outcoming contact point pi can be associated with a semi-infinite curve li, called a ray, which ends at pi and is known not to intersect the interior of the object. This is achieved as follows. The origin oi of the current probe path is chosen to be either a point at infinity or to belong to a previous probe path. In the latter case, ray li is the concatenation of a prefix made of portions of previous probe paths with the probe segment which is the portion of the current probe path connecting oi to pi. In the sequel, we shall consider that a probe outcome, noted mi = (pi, ni, li), includes three components : the contact point pi , the normal Ri to the boundary C of the object at pi and the semi-infinite ray li ending at pi.
Let P be a set of contact points and L the set of corresponding rays. We first recall a few facts (proved in [l] ). The set of rays L induces, on P, a total cyclic order that corresponds to the natural order of the points of P along C. The following lemma is a necessary and sufficient condition for two contact points pi and pj of P 'C is supposed to be oriented counterclockwise and the edges and their supporting lines accordingly.
to be consecutive in that order. Let Ci,j be the portion of the polygon C joining pi to pj in counterclockwise order. Ci,j, together with the rays 1; and lj measuring respectively the points pi and pj partitions the plane into several regions. Let Wi,j be the union of the regions that do not contain pi nor pj (Wi,j may be empty). Among the two regions containing pi and pj, let Hij be the region to the right of Ci,j (See Figure 1 ). 
Description of the algorithm
In this section, we present a strategy that fully discovers the exact shape of a n sided simple polygon with no colinear edges by means of at most 3n -3 probes.
Given a probe outcome mi = (pi, ni, li), we call the line Di, normal to ni and passing through p;, the supporting line of vi. When necessary, Di will be oriented so as to let li on its right side in the neighborhood of pi. If pi belongs to the edge ei of C, we say that ei ha been discovered.
We start with three probes. The first two probes are performed along straight line rays with opposite directions and both passing through the target. Let D1 and Dz denote the two supporting lines of the two corresponding probe outcomes al and wz, I = D1nD2 (possibly at infinity). The third probe is performed along a directed straight line passing through the target and I (directed in such a way that the target is reached before 1). The three corresponding contact points pl,pz,ps belong to three distinct edges of C.
At a given stage of the algorithm some edges have been discovered. The algorithm maintains a list of contact points C, sorted according to the ray order (in the sequel, the indices refer to that order). The intersection I between the supporting lines D1 and 02 of two successive contact points is called a corner and is a potential vertex of C. The algorithm maintains also an ordered list of corners C and, at each step, constructs at most two new probe paths which will either confirm the first corner I of C as being a vertex of C, or will probe a new point on a not yet discovered edge. In the first case, we simply report the vertex and delete I from L; in the latter, two new corners are discovered and are inserted in C. The algorithm halts when L is empty.
From now on, we assume w.1.o.g. that I = &II& is the current first corner of list C. The two supporting lines D1 and Dz define four wedges R (with pl and pa on its boundary), S (with p1 but not p2 on its boundary), T (with neither pl nor p2 on its boundary) and U (with p2 but not pl on its boundary). Let ~1 = (pl,ll,nl) and w2 = (p2,12,nz) be the two probe outcomes whose supporting lines are D1 and D2 and let el and e2 be the edges of C containing pl and p2 respectively. The two points p1 and p2 are adjacent in the order induced by the set of rays, at this stage of the algorithm. Therefore, from Lemma 1, the region H1,2 is known to contain no contact point of the previous probes and in particular no confirmed vertex.
Our aim now is to exhibit probe paths that will either confirm I as being a vertex of C or discover a new edge of C. We first issue a probe path p, contained in (R U T) rl Hl,z. Such a probe path aims at corner I and is guaranteed to intersect C for the first time at a point of CI,~. The boundary y of Hl,z is a simple closed curve which is the concatenation of the portion of C between p1 and ~2, Cl,, -unknown at this stage -, and of an arc h1,2 made of portions of previous probe paths and, possibly, an edge at infinity. We orient y clockwisely so that Cl,2 is oriented from pl to p2 and hl,z is oriented from pz to pl . Let D be a straight line contained in RUT. D passes through I and intersects the segment p1p2. We orient D so that p1 is on the left side of D and p2 on its right side. Our next probe path has D as supporting line. Its origin o is chosen as follows. Let 01, . . ..02k be the sequence of intersection points between D and h12, sorted along D. We associate to each intersection point o; a sign, + if D crosses hl2 from left to right, -otherwise. The origin o of ~1 is either oak if o2k has sign + or the first of two successive intersection points with both sign +. Because 7 is a simple closed curve, it follows from Jordan theorem that such a point is exists and moreover we are guaranteed that the half line p supported by D and starting at o, encounters first C at a point p satisfying op c H1,2. The details can be found in the companion paper [2] .
,U is taken to be our next probe path. Let P = (p, 1, n) be the corresponding probe outcome. The probing ray 1 is exactly the probe segment op, if o is a point at infinity and, otherwise, the concatenation of op with the infinite portion of the ray li (i=l or 2) passing through . . o. Lemma 1 implies that pl, p, 1)~ are encountered 111 that order along the boundary of C.
We distinguish four possible cases, depending whether p belongs to el, e2, both or none. Notice that, due to Condition 1 above, p belongs to ci iff p belongs to Di and n = ni.
Case 1: p E el and p E e2
In this case, p = I. I is confirmed as a vertex of C. Due to Condition 1, we are guaranteed that the edges containing pi and pz are adjacent along C and that I is their common vertex.
Case 2: p +? el and p $ e2
The supporting line D(P) of the probe outcome is distinct from D1 and D2. Because p is guaranteed to belong to the portion Cl2 of C and because, up to this point, Cl2 contains no contact point, a new edge has been discovered.
Case 3: p E el and p $. e2 In this case p = 1 but is not a vertex of C. Thus we have not confirmed I as a vertex of C and we have not discover any new edge. In that case, we define another probe which is guaranteed to discover a new edge. Let II, be the half-plane on the right side of D1, when oriented as described above. We distinguish two cases according to whether p2 belongs to Ill or not. In both cases, we exhibit a new probe path p' which is guaranteed to discover a new edge of the boundary of C between pl and ~2. p' will be supported by a straight line D' passing through I and contained in S U U.
Subcase 3.1: pz E III
The situation is depicted in Figure 2 . In this case, D' is oriented from S to U. Let p' be the half line supported by D' and starting at 1. The contact point probed by 11' is p'. The corresponding ray 1' is the concatenation of Ip' and 1. As in Case 2, the new probe necessarily discovers a new edge of C (between p1 and ~2). The situation is depicted in Figure 3 . We now orient D' from U to S. The origin o' of the new probe path p' is defined in a way similar to the origin o of p. This insures that the new probe necessarily discovers a new edge of C (between pl and ~2).
Case 4: p 4 el and p E e2
This case is analogous to the previous one. The indices 1 and 2 have simply to be exchanged as well as the wedges U and S.
In conclusion, each time a corner is checked, we either confirm the corner as a vertex of C by means of one probe and this corner will never be probed again or we discover a new edge by means of at most two probes. Thus to determine the exact shape of C, we need at most one probe per vertex and two probes per edge, except for the first three edges which are discovered by means of only one probe each. This proves the following theorem :
Theorem 1 3n -3 probes are suficient to deiermine the exact shape of a simple polygon with n non colinear edges.
It is proved in [2] that this bound is also a lower bound and that every probe algorithm which determines the shape of a polygon with n edges makes at least 3n -3 probes in the worst-case. Thus our probing strategy is optimal with respect to the number of probes.
Complexity analysis
The above strategy guarantees that a finite number of probes are performed. However, in order to achieve an effective algorithm, we need to make precise how to construct the probe paths. It is shown in [2] that the probes can be constructed in such a way that, at each step of the algorithm, the arc hi,i+r is a polygonal convex chain (i.e., the angle between two successive segments of hi,i+l, in the order they are encountered when going from pi+1 to pi, is less than 180 degrees). A direct consequence of the fact that hi,i+l is a convex curve is that we can take, as the origin of the new probe path p, the point of intersection between hi,i+l and D which is encountered first, when marching along D. In Subcases 3.2 and 4.2, we can take, as the origin of $, the point of intersection between hi,i+l and D' which is encountered first when marching along D'. By storing the polygonal chains hi,i+l between pairs of consecutive points on the boundary of C, as appropriate data structures (a list of concatenable queues), each of the at most 3n -3 probes can be determined in O(logn) time. The details of this procedure can be found in [2] . Thus the algorithm has overall O(n log n) time complexity and requires O(n) storage.
Probing several polygons
In this section, the probing strategy developped above is extended to apply to the case where several polygons have to be simultaneously discovered. More precisely, we assume that the probing device has to discover the shape of k' polygons Cr , . . . . C'k, among a scene of k polygons (1 5 k' 5 6). Le n denote the total number of edges in the scene. The numbers k and n are unknown and will remain unknown, except in the case k' = k.
As above, some mild restrictions on the statements of the problem are assumed in order to ensure that the probing problem is solvable within a finite number of steps. Namely :
1. The oriented supporting lines of the n edges in the scene are all distinct.
2. k' target points oi E Ci (i = 1,. . . , 6') are given.
Under those conditions, we prove below that 3n -3 + k probes are sufficient to completely specify the shape of the k' polygons. Unfortunately, as will become clear below, in order to discover the partition of the contact points between the different polygons, the algorithm has to check whether the new probe segment intersects one of the previous rays. This implies that the time complexity is o(n) per probe and thus the overall time complexity of this probing algorithm is O(n').
Description of the algorithm
Roughly speaking, the present algorithm for probing several polygons uses the probing strategy described in Section 2 as long as there is no evidence for the presence of several polygons in the scene. While this strategy is applied to the probing of a single polygon, the successive probe rays do not intersect properly and the set of rays has a tree like structure. Indeed, each new probe segment op does not intersect any previous ray. On the other hand, it is known (cf. [l] ) that when a set of rays has this tree like structure, there exists a simple contour going through all the contact points without intersecting any ray and thus there is no evidence for the presence of several polygons in the scene.
The presence of several polygons becomes manifest when the algorithm issues either a probe whose contact point p is at infinity (if the probe path encounters no polygon) or a probe whose probe segment op intersects some of the previous rays in at least one point 0'. A probe with such a probe path will be called a separator probe in the sequel. A separator probe partitions the set of contact points into two subsets. As any two points, one in each subset, cannot belong to the same polygon, the separator probe partitions also the original set of polygons into two subsets, called subscenes. When a separator probe is encountered, the algorithm splits the set of contact points and reconstruct, for each subset, the appropriate information contained in the previous probes in such a way that the same probing and splitting strategy can be recursively continued on each subscene.
Let us now give a more precise description of the algorithm. We call probing process a realization of a probing algorithm for a single polygon -the one described in Section 2 or variants to be described below. As explained in that section, the current state of a probing process P is completely determined by the triplet (C,L,X). The current contour, C, is the circular list of contact points sorted according to the order induced by the rays, C is the corresponding ordered list of corners and 7f is the set of the polygonal chains, hi,i+i, made of portions of probe paths, and joining pairs, (Pi,Pi+r), of successive contact points: During the course of the algorithm, several probing processes will be activated.
We distinguish primary and secondary processes. A primary process is a process initialized by three probes aiming at a given target, not contained in an already discovered polygon. At the beginning, the algorithm activates such a primary process. Some probing processes simply end when their list of corners C becomes empty which means that they have completed the discovery of the exact shape of a polygon. Other will disappear because they encounter a separator probe, giving birth to two new processes which are the so called secondary processes.
In order to detect if a probe is a separator probe, the probing process checks if the current probe segment op intersects one of the segments of 7f. When a separator probe is encountered, the probing process is stopped and the algorithm calls a procedure, named SPLIT, which reconstructs, for both secondary processes P' and P", the correct triplets (C',C',H') and (C", L", 'H"). 3. Construct the set X' and 'H" corresponding respectively to C' and C". All the chains from E' and 1-I" are inherited without change from the corresponding chains of 7-f except for the chain hj,i+l of C' and the chain hi,j+l of C". The new chain hj,i+l is the concatenation of the part of the old chain hj,j+l from pj to 0', the segment 0'0 and the part of the old chain hi,i+i from o to pi+i. Similarly the new chain hi,j+i is the concatenation of the part of the old chain hi,i+l from pi to 0, the segment 00' and the part of the old chain hj,j+l from o' to pj+i.
Then both secondary processes (C',L','N') and (C", L", 'H")recursively apply the same probing and splitting strategy until all probing processes have disappeared or ended. We say that we have reached a stable state.
At such a stage of the algorithm, a certain number Icr of polygons of the scene have been fully discovered. However this number kr may be strictly less than the number iE of polygons present in the scene because some of the polygons may have been, until this point, completely missed by the probes. Assume that, when reaching a stable state, the algorithm has discovered Icr polygons with altogether nr edges. The boundary of these polygons together with the current set of probe paths induce a partition of the plane. Lr regions are simply the interiors of the discovered polygons, the others regions are the H-regions Hi,i+r, associated to each pair of consecutive contact points (p;,pi+r) on the boundary of a polygon.
To ensure to discover all the k' polygons to be discovered, the algorithm maintains in a dynamic structure this partition of the plane and also a sublist of the given targets oi which have not yet been located in a discovered polygon. Each time a stable probing state is reached, the partition of the plane is updated and the algorithm locates in turn each target of the remaining list until it encounters a first target presently lying in the interior of a H-region. Then, a new primary probing process is started within this H-region, with three initial probes aiming at that target, in order to discover new polygons (at least one) lying in that region. This probing process is very similar to the initial probing process. The only difference is that this process has to probe polygons which are known to be included in a given region, the H-region. The set ti of such a process is initialized with the boundary of this H-region. Thus, the probes issued by this process have probing segments totally included in this region, except possibly for the last probe when it is a separator probe.
The whole process is repeated until all the targets have been found to belong to a discovered polygon.
The correctness of the algorithm is proved in the full version of this paper.
Number of probes
Let us now count the total number of probes performed by the above procedure. For a polygonal scene including R polygons, at most k separator probes can be encountered. Except for those separator probes, each probe either confirms a corner as being a vertex of one of the polygons or discovers a new edge or guarantees that the next probe will discover a new edge. As a primary probing process starts by aiming at a given target known to belong to a polygon, the first three probes of each primary process are garanteed to each discover a new edge. At least one such primary process is performed which yields finally the following theorem : Theorem 2 Given a scene ofk polygons including altogether n non colinear edges, any subscene of k' polygons can be fully discovered in at most 3n -3 + k probes provided that one target point is given inside each of these k' polygons.
Complexity analysis
Differently from the algorithm of Section 2, the chains of the sets 'H of the different probing processes are no longer exclusively made of portions of probing paths measuring contact points. They also include portions of separator probes and portions of probe paths measuring contact points of other probing processes. Nevertheless, as in Section 2, for a probing process, the chains of the set 'H remains convex as the process runs, provided that the initial chains, at the creation of the process, are convex. This is guaranteed for the initial process and can be easily restored for the other primary processes (by means of two additional probes2). Therefore, this property clearly holds also for all secondary processes. Hence, the determination of each successive probe path can be done in time O(log n) according to the results of Section 2. The test for intersections between that probe and the current set of chains 31 requires to examine in turn each segment of the set of chains which takes, for each probe, O(n) time.
Procedure SPLIT is called at most k times. Once all intersection tests have been performed, Procedure SPLIT can be performed in constant time if appropriate pointers link the lists C, C and 3-1.
Let us now evaluate the complexity of locating the targets oj,i = l,..., k' in the successive partitions corresponding to each stable state encountered by the probing algorithm. A straightforward induction shows that if k1 polygons with altogether nr edges have been fully discovered, the induced planar partition has at most (3nl -3 + ICI) regions. This partition is maintained in a dynamic structure described in [6, pages 135-1431 which allows updating in time O(log' N) (where N is the partition size) if only insertions are performed, which is actually our case. Therefore the total cost for updating the partition structure is O(n log' n). On the other hand, this structure allows to answer to location queries in time O(log'n), and, as the number of queries performed during the whole algorithm is at most 2k', the total cost for locating the targets is O(k' log2 n). Thus the overall cost for building and maintaining the data structures and for locating the targets is O(n log2 n).
This algorithm for the probing of several polygons is thus dominated by the complexity of the intersection tests which is @(n2). We let as an open question whether a data structure for storing the set of chain 31 'This does not affect the bound in Theorem 2 as can be easily deduced from the proof of this theorem.
can be found that would allow to perform these tests more efficiently.
Probing polyhedra in 3-space
The probing algorithm can be extended so as to probe a polyhedron C in 3-space. The idea is to discover one face of C at a time by applying a variant of the 2-dimensional probing algorithm in the plane of the face. Once the exact shape of this face has been determined, we probe in the plane of one of its adjacent faces and repeat this procedure until all the faces have been discovered.
This algorithm works under two conditions: Condition 1. The faces of polyhedron C are convex and moreover, C has no coplanar faces nor colinear edges.
Condition

A target point o belonging to C is known.
The probe model is also the analog of the probe model used in Sections 2 and 3. When a probe is issued, the probing device responds with the first point where the probe path encounters the object. The probe outcome includes the contact point, the associated ray and the normal to the face of the polyhedron passing through this point. The normals are oriented towards the exterior of the object. The sensory device is assumed to be able to detect when the contact point lies on an edge of the polyhedron or is a vertex, in which cases two or three normals are respectively reported in the probe outcome.
Procedure
FACE
The main ingredient of this algorithm is a procedure, called FACE, which fully discovers the polygonal boundary of a face F of C, given, as input, a point of this face (which may either be in the interior of face F or on its boundary) and the direction of its supporting plane.
Let us assume that a point ps has been probed on face F. The probe outcome yields the normal no to face F and let us call IIs the supporting plane of face F, that is the plane normal to no and passing through pc. Let E be an arbitrary small positive constant and let II, (resp., II:) be the plane parallel to IIs and passing through the point p. -mg (resp., po +mo). Face F can be viewed as the limit, as c goes to zero, of the set difference between the two planar sections II, n C and II: n C (See Figure   4) . The guiding idea underlying procedure FACE is to discover the set difference between the two sections II; n C and II$ n C using probe paths in planes IIt and II$ respectively. Due to Condition 1, II{ n C and II: n C do not contain colinear edges. However, the algorithms of Section 2 and 3 need to be adapted because each component in a planar section may be not simply connected and may have holes which may themselves include other components. Our algorithm issues many tangent probes. Before going into the details of Procedure FACE, we need to make precise what is our probe model in that case.
l As far as geometrical positions are concerned, we do not distinguish a point p of the plane IIs from its orthogonal projection onto the plane II, (or Ilt). Therefore, hereafter, the same notation is used for a P-dimensional geometrical object lying in plane II, (or II,') and its projection onto plane II,. This allows to describe face F by the following equation :
id(F) = id@; n C) -id(n,+ n c) l On the other hand, we assume that a probe path contained in plane II, is distinct from a probe path contained in plane II$, even if their projections onto II0 are identical. Probes in the plane II: are above the supporting plane of face F and consider points located in the interior of face F as being outside of C while probes in the plane II, consider the same points as being inside C. In the following, we shall note with a -(resp. +) superscript the geometrical component which has been probed in the plane II, (resp. II:) using only probes in that plane.
l Strictly speaking, a probe in the plane II, (or II:) should not detect if its outcoming contact point (which, from what has been said above, is as well considered as lying in the plane II,) belongs to an edge of the face F or not. In the latter case, the contact point belongs to the intersection of IIs with another face of C. However, for each contact point, one additional probe with a probe path normal to IIs will answer this question when needed. These additional probes require no computation. That is why we do not count them in the complexity of the algorithm. We shall say, for short, that ea.ch probe in the plane II, (or lI$) is able to detect whether its contact point belongs to an edge of face F or not.
Now, procedure FACE performs the following steps :
Step 1. The first step probes in the plane II,, to discover the external boundary, denoted Ci, of the component of II, fl C which contains point pc. Probing is performed using the algorithm for several objects with initial probes issued from infinity and aiming at pc. The number of polygonal objects in II, II C is unknown but this does not matter because the probing process can be stopped as soon as the polygon C; has been fully discovered. Indeed, the interior of face F is included in the interior of C;.
At the end of this step, three cases may occur :
All the contact points measured on Cc actually belong to an edge of face F, then the boundary of face F is exactly Cc and procedure FACE ends.
Some of the contact points probed on 15'; belong to an edge of face F while others do not. In that case procedure FACE is continued at Step 2.
None of the contact points measured on Cc belong to an edge of face F, then Cc is the external boundary of a non simply connected component of II, flC and face F is contained in a hole of this component. Then procedure FACE is continued at Step 3.
Step 2. The vertices of CT which do not belong to the boundary of face F belong to the boundary of some component of the planar section II$tlC. (See Figure 4) .
Step 2 performs probes in the plane IIt to discover these components. Procedure FACE ends when all the vertices of Cg which are not included in the boundary of F are included in the boundary of a polygon discovered at this step. Then, face F is the set difference between the interior of C< and the union of the interiors of the polygons found at this step and including some vertices ofC;\F.
The boundary of face F can be easily deduced from the boundaries of these polygons as follows. In this paragraph, we identify a polygon with the circular ordered list of its vertices (and not+ before, the list of all its contact points). The list Cc can be split into an even number of sublists C;-, Ci-, . . . C$ with p 2 1, such that 1. the sublists are indexed according to the order in which they occur along Cc, 2. no sublist is empty, 3. the odd sublists C, I-, Ci-, . . . , C&i include all the vertices of Cc which do not belong to the boundary of face F, while the even sublists Ci-, . . . Cii include the other vertices of CG.
Let Cit be the list of polygons discovered at Step 2 and including the vertices of sublist C%f (for odd i). The index j sorts these polygons according to the order, on Ci, of the vertices of Ct they include. Then the boundary of F is given in clockwise order by the following list : Step 3.
Step 3 performs probing in the plane II$ to discover the internal boundary CT of the hole including face F. For this purpose, Step 3 uses a variant of the planar probing algorithm in which the probing process is initialized by two opposite initial probes issued from the point pc. This probing process may discover several components inside the hole (these components appear as polygons which do not include point po ) before probing on the internal boundary C: which appear as a polygon including point po in its interior or on its boundary. The probing algorithm stops when C;' is discovered.
Again at this stage, three cases may arise according as all, some or none of the contact points probed on Cr belong to the boundary of face F. If all contact points of Cf belong to edges of F, then the boundary of face F, in clockwise order, is exactly Cf and procedure FACE ends. In the two other cases, the procedure is continued on Step 4.
Step 4.
Step 4 performs probing in the plane ll, and inside Ct. Several primary probing processes (see Section 3.1) may have to be activated during this Step. Each of them is started with two probes. One originates from a point on Cr which does not belong to the boundary of F and aims at ps. The other originates from the contact point and aims at the origin of the first one, Procedure FACE ends when 1. either, a polygon including po (in its interior or on its boundary) has been discovered, 2. or a set of polygons including in their boundaries all the vertices of Ct which do not belong to the boundary of face F has been discovered.
In the former case (which can only happen when none of the contact points of Cr belongs to the boundary of face F), the polygon including po is the boundary of face F (cf. Figure 4(a) ). In the latter case, face F is the set difference between the interiors of CF and the union of the interiors of the polygons found at this step and including points of Cf \ F. (See Figure 4(b,c) ). As in Step 2, the boundary of face F can be easily deduced from the boundary of these polygons. The boundary of face F is given by a formula similar to (l), where Cc has to be replaced by C$. In the present case, the number of sublists splitting that polygon may eventually be reduced to only one sublist of vertices which do not belong to F (Figure 4(b) ).
(b) Figure 7 : Illustration of Step 4
The algorithm
The algorithm starts with a probe from a point at infinity and directed towards the target point o which is known to be in the interior of the object. Then, Procedure FACE is called to discover the face F containing the contact point po outcome by this first probe. Then, the same procedure is called in turn, for each adjacent face. Remember that the probes answer with two normals when the contact point is on an edge on the boundary of a face. Thus, once the shape of a face has been determined by Procedure FACE, the supporting planes of its adjacent faces are known. The algorithm ends when all faces have been discovered. (To be aware of this fact, the algorithm maintains a list of edges which currently belong to only one discovered face).
This algorithm can be easily extended to the case where k polyhedra have to be discovered, provided that the faces of these polyhedra are convex and that the polyhedra have no coplanar faces and no colinear edges, and that a target point is given in each polyhedron.
Let us now analyse the number of probes performed by this algorithm. Let k be the number of polyhedra in the scene and n be the total number of faces. Each call to procedure FACE, in the worst case, determines the exact shape of each connected component of the planar sections II, II C and II; n C. If the polyhedra have convex faces, the number of edges in each section is at most n and the number of connected components is also at most n. Then, from Theorem 2, the number of probes required to completely discover a face is at most 2(4n -3). Summing for all faces and taking into account one initial probe per polyhedron in the scene, yields a total of at most 2n(4n -3) + B probes.
5 Extensions and open questions 1. We have supposed that the normal(s) at a contact point are provided by the probing device. The probing algorithm developped by Cole and Yap for convex objects assumes a simple finger probe model whose outcome consists only of the coordinates of a point on the boundary of the object but contains no information on the direction of the normal at that point. What can be done in that case?
Without additional hypothesis, the problem of finding the exact shape of non convex polygons with a finite number of finger probes has no solution. Indeed, even if colinear points are found, we cannot guarantee that they belong to the same edge of C; thus an edge can never be confirmed as an edge of C. Nevertheless, we show in the full version of this paper that, when no information on the normal directions is available, a variant of our method will almost surely output the exact shape of the objet, provided that, in addition to the two conditions stated in Section 2, the following third condition is fulfilled : Condition 3. If the intersection point of the supporting lines Di and Dj of any pair of edges ei and ej of C belongs to C, then it belongs to ei or ej.
More precisely, we have the following theorem : Theorem 3 Provided that Condifions 1, 2 and 9 are fulfilled, the above procedure discovers with at most 8n-4 finger probes a polygon which almost surely is identical to c.
The method obviously extends to the case of several planar objets.
2. A variety of probe models may be explored. In particular, it will be interesting to extend the above results in 3-space to the case of a probing device illuminating a scene with a plane of light. Such probes will produce 3-dimensional regions which are the analogs of our Hregions.
3. In this paper, we have mainly tried to optimize the number of probes and have ignored, in our complexity analysis, the cost of moving the probing device from one point to another. This may be satisfactory in some situations, for example if the probing device can jump from one position to another in O(1) time, as can do a robot moving in 3-space but constrained to probe in a plane. However, if the probing device is constrained to move in the same space as the object, it may be important to try to optimize the path followed by the device. Our strategy is not good, in general for this task and we can exhibit situations where the probing device will execute O(n2) turns. On the other hand, a probing device that adopts the strategy of moving towards the target until it reaches the object and then follows the boundary of the object, will perform an infinite number of probes to ensure that no edge is missed, but the trajectory followed by the device is clearly the shortest possible one. Between these two extreme situations, there is surely room for interesting compromises. For example, how many probes are necessary and sufficient to determine the exact shape of a planar object using only O(n) turns ? 4. What is the lower bound for probing in 3-space ?
5. Does a suitable data structure exists that allows to efficiently compute the probes in the case of several polygons ?
